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Optimal Trajectory Synthesis for Terrain-Following Flight
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A methodology for optimal trajectory planning useful for the nap-of-the-Earth guidance of helicopters is
presented. This approach employs an adjoint-control transformation together with a one-dimensional search
scheme for generating the time-terrain masking optimal trajectories. The trajectory planning problem bears a
striking resemblance to the classical Zermelo's problem in the calculus of variations. In addition to being useful
for helicopter nap-of-the-Earth guidance, the trajectory planning solution is of interest in several other contexts,
such as robotic vehicle guidance and terrain-following guidance for cruise missiles and aircraft. A distinguishing
feature of the present research is that the terrain constraint and threat envelopes are incorporated into the vehicle
equations of motion. Second-order necessary conditions for this problem are examined.

Introduction

T HE importance of terrain-following/terrain-avoidance
(TF/TA) guidance for cruise missiles and aircraft is a

well-recognized aspect of military operations.1"3 Typically, the
TF/TA guidance system development consists of three steps:
1) optimal trajectory generation considering terrain and obsta-
cles to increase both survivability and mission effectiveness, 2)
control law development to follow the trajectory within ma-
neuvering constraints, and 3) sensor blending to match the
onboard and measured terrain data.4"6 This paper addresses
the first aspect of TF/TA problem. The primary motivation of
the present research is the problem of automating the midterm
guidance segment7 of the nap-of-the-Earth flight mission for
high-performance helicopters. The trajectory planning prob-
lem is addressed using optimal control theory, with a linear
combination of flight time and terrain masking being consid-
ered as the performance index.

Route planning methods discussed in the literature8"10 in-
variably resort to discrete dynamic programming or one of its
derivatives. These trajectory planning approaches employ spa-
tial coordinate discretization of the terrain before carrying out
a systematic search for the optimal trajectory. As the result,
they assume that, in a discretized interval, the route consists of
straight-line segments. On an uneven terrain, this means that
a large number of discretization intervals will be required to
generate sufficiently smooth trajectories. Unfortunately, this
increase in the number of discretization intervals is accompa-
nied by an enormous increase in computational complexity.
For the discretized dynamic programming problem, this is of
the order [(n +1)2-1], where n is the number of discretization
intervals in one spatial direction.11 Trajectory synthesis using
control variable parameterization together with multidimen-
sional gradient search has also been reported in the litera-
ture.12

In the present paper, an alternate formulation of the trajec-
tory planning problem will be advanced. At the terrain resolu-
tion levels discussed in previous literature, this method is
capable of rapidly generating optimal solutions. The method
is based on Pontryagin's minimum principle.11 In general,
trajectory synthesis via optimal control theory demands the
solution of a two-point boundary-value problem, which can
often be tedious and time-consuming. For the present route
planning problem, however, a constant of motion can be
invoked to simplify the solution procedure. Furthermore, an
adjoint-control transformation can be used to convert the
costates in the optimal control problem to physical variables.
Unlike the techniques discussed in the literature,8"10'12 the opti-
mal route to any desired final condition can be generated
simply by selecting the initial value of the heading angle and
integrating three first-order ordinary differential equations
forward in time. The algorithm requires first and second par-
tial derivatives of the surface describing the terrain, which are
computed in this work using a cubic spline parameterization
of the digital terrain elevation data. Alternate terrain profile
parameterization schemes include the use of two-dimensional
Fourier transform.13 Optimal route planning formulation
given here is closely related to the geodesic problem in the
calculus of variations14 and bears a striking resemblance to the
classical Zermelo's problem.15

Another aspect of the trajectory planning formulation out-
lined here is that the state constraints, such as the terrain,
threats, and obstacles, are absorbed into the equations of
motion. This results in a more compact and tractable numeri-
cal algorithm. The solution requires a one-dimensional search
routine, such as the method of bisections,16 and appears to be
implementable in real time at available terrain resolutions.
The emerging trajectories automatically accomplish known
threat avoidance.
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Equations of Motion
A kinematic model of the helicopter will be employed in the

ensuing analysis. To a degree results from this analysis can be
corrected for neglected helicopter dynamics using singular-
perturbation theory.17-18 For the present analysis, let the ter-
rain profile be specified by the function

(1)

where ht is the altitude above a preselected datum at any
specified downrange position x and crossrange position y.
Both of these can be defined once an inertial frame is chosen.
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It is assumed here that the chosen datum is such that terrain
altitude ht>0 and that continuous first and second partial
derivatives may be computed for the terrain profile f(xty).
This fact is important to ensure that the trajectories emerging
from the present work are implementable. Note that, even if
the original terrain does not have the property, it is possible to
set up interpolation schemes that provide smooth estimates of
the derivatives. For instance, a cubic spline terrain profile
interpolation scheme will assure the existence of continuous
partial derivatives up to second order. On a rough terrain,
polynomial or spatial frequency-domain smoothing may be
employed to ensure adequate accuracy in the computation of
partial derivatives.

While executing terrain-folio wing flight, the helicopter alti-
tude is required to follow the terrain profile f(x,y) with a
specified altitude clearance hc. Thus, the helicopter altitude h
in terms of downrange x and crossrange y is given by the
algebraic equation

h=f(x,y) (2)

In Eq. (2), h is the helicopter altitude and hc the specified
terrain clearance. The terrain clearance may be constant or
specified function of downrange and crossrange. Known
threats and obstacles on the terrain may be incorporated into
the trajectory planning problem by defining threat envelopes
of the form P(x,y) and adding them to the given terrain
profile. The composite profile may then be used to define the
vehicle altitude as

with
h=F(x,y)

F(x,y) = hc +f(x,y) + P(x,y)

(3)

(4)

The trajectories satisfying the constraint in Eq. (3) will exhibit
automatic threat and obstacle avoidance characteristics.

A sample terrain profile with the downrange, crossrange,
altitude inertial coordinate system is shown in Fig. 1. In this
figure, a Ideal coordinate system jcj, yh Zi is defined with its
origin located on the terrain profile at the current x,y position.
The Xi-yi plane of this coordinate system coincides with the
local tangent plane, with Zi defining the outward normal.
Since the^ vehicle is constrained to move on the terrain profile
given by feq. (4), its velocity vector lies in the x\-y\ plane. The
local heading angle x is next defined as the angle between the
vehicle velocity vector and the intersection of the local tangent
plane with the x-h plane.

Components of the vehicle velocity vector in the local tan-
gent frame are given by

Kcosx

Ksinx

(5)

(6)

The local heading angle x and the airspeed Fare treated as the
control variables in the present formulation. Note that it is

TANGENT PLANE
TERRAIN PROFILE

Y \— HEADING ANGLE X

Fig. 1 Coordinate system.

important to include velocity as a control variable to ensure
hodograph convexity required for the existence of optimal
controls.19 To ensure that the controls emerging from this
formulation are implementable, the vehicle speed is next
bounded as

0 (7)

Note that the lower bound is essential to ensure the validity
of the kinematic model. The velocity components in Eqs. (5)
and (6) may next be transformed into the dowiirange, cross-
range, altitude inertial frame using the terrain profile gradi-
ents F& Fy, as will be illustrated in the ensuing. In all that
follows, subscripts on the symbol F denote partial differentia-
tion with respect to that variable.

The outward unit normal vector n and a unit tangent vector
ti along the direction xt on the terrain profile F(x,y) are given
by

n = •
-Fx

-Fv (8)

A unit vector t2 orthogonal to these vectors along y\ can be
obtained by taking the cross product of t\ and n as

t2 =
FxFy

-Fv

(9)

Next, the vectors t\9 t2, and n together with unit vectors /, /,
and K in the downrange, crossrange, and altitude directions
may be used to transform the velocity components in the local
tangent plane frame into the inertial frame as

•/ t2-I n-I
- J t2-J n -J
' K 12 • K. n • K_

(10)

Here, the symbol • indicates the inner product operation.
This process yields

Fcosx VFX Fy sinx
(H)

(12)

The vehicle altitude rate is given by

A = F s h v y (13)

with the vehicle flight-path angle 7 being given by the equation

7 = 1 (14)

Equations (11-13) constitute a kinematic model of the vehicle
executing TF/TA flight. If the winds aloft in the downrange
and crossrange directions are given by

Q(x,y), = R(x,y) (15)

these may be added to the right-hand sides of Eqs. (11) and
(12) to study the influence of ambient winds on the optimal
trajectories.
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Sometimes it is desirable to consider a trajectory planning
formulation in which the helicopter specific energy is main-
tained constant. This situation will arise wherever the engine
throttle is set to maintain thrust equal to drag while executing
the nap-of-the-Earth flight. In this case, the airspeed explicitly
depends on the terrain profile as

with the optimality condition yielding

(16)

In Eq. (16), g is the acceleration due to gravity, and
F = /i + FV2g is the vehicle specific energy. This special case
will not be pursued further in this paper.

Optimal Trajectory Planning Problem
The vehicle trajectory synthesis problem is addressed in the

present research using optimal control theory.11 The index of
performance is assumed to be the linear combination of flight
time and a terrain masking function. Following the existing
literature,8'? trajectory masking will be assumed to be accom-
plished if an integral proportional to the helicopter altitude
above the specified datum is minimized. Admittedly, this
masking function is crude since it is based on the premise that
flight at depressed altitude tends to provide a better masking.
If improved terrain masking functions given as a function of
downrange x and crossrange y were available, they can be
included in the following analysis. A relative weighting factor
is introduced between the flight time and the terrain masking
functions to control the tradeoff between these two, often
conflicting, requirements. Thus, a composite performance in-
dex of the form

r= '[(!--
Jo

+ KF(x,y)]dt

with

(17)

(18)

will be used in the following. The initial vehicle position x(0),
y(Q) and the terminal conditions x(tf), y(tf) are specified,
whereas the final time tf is free. Note that it is possible to
include heading angle and flight-path angle constraints in the
present formulation by adding quadratic penalties in the inte-
grand of Eq. (17). Alternately, they can be included as direct
state-control variable constraints in the optimal control for-
mulation. However, the following analysis will not include
these constraints.

The variational Hamiltonian11 next may be formed by ad-
joining the differential constraints in Eqs. (11) and (12) to the
performance index in Eq. (17) to yield

Fcosx

VFxFySinx
V(1+F2)(1+F2+F2

-x,ITT (19)

The Euler-Lagrange equations for this optimal control prob-
lem may be obtained from

dH dH
(20)

tanx = • XXV1+F2+F2 (21)

Since the initial and final conditions of all the states are
specified, the costates \x and \y are free at the two boundaries.
The differential equations [Eqs. (11), (12), and (20)] together
with the condition of Eq. (21) constitute a nonlinear two-point
boundary-value problem, which can be solved if the initial
conditions on the two costates \x and \y were known.

The solution procedure may be simplified by noting that
this optimal control problem has a constant of motion. Since
the variational Hamiltonian is not explicitly dependent on
time and the final time is free, one has

//(f) = 0, Q<t<tf (22)
This constant of motion together with the optimality condi-
tion may be employed next to solve for the costates in terms of
the control variables as

cosx

[(!-#) * sinx - Fx Fy cosx]
FVl+F2

(23)

(24)

At this stage, optimal trajectories may be determined if either
the control variables \, Vor the costates Xx, \y are known. In
the following, it will be shown that all of the costates in the
problem may be eliminated if the extremals are assumed to be
smooth. Using second-order necessary conditions it will be
shown subsequently that this assumption is justified.

Expression (23) or (24) may be differentiated next with
respect to time and equated to the right-hand sides of Eq. (20).
This process yields a differential equation for x as

+ A2) cosx + A3(A4K + A5) sinx] V

where

A5 = Fx Fvc.F*- (1 + F2
x)Fxy Fy

A6 = [(I + F2)(l + F2 + F2)]3/2 A, = (F- 1)

B, = (F- 1) FK- (1 + F2), ft = (1 - F)(l + F2)

A6(A-jK + 1)

A3 Fy , A2 = FXX Fy A3, A3 -

\±-

= Vl + F2 + F2
x y

Expression (25) was obtained using the MACSYMA pro-
gram.20 It may be verified that if the terrain gradients were
zero, expression (25) yields x = 0=» x = const, which is the
familiar solution to the classical shortest distance on a plane14

problem.
Consider next the second control variable in this problem,

viz., the helicopter speed. Since this variable appears linearly
in the variational Hamiltonian and is bounded, the optimal
control is given by the bang-bang control logic11

V=Vm if S<0

i fS>0

Fisingular, if S • 0

where S is the switching function given by

(26)

s = —dH (Xx[Vl + F2 + F2 cosx + Fx Fy sinx] - X,(l + f (27)
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Substituting \x and X,, using expressions (23) and (24) in ex-
pression (27), it may be shown that

5 =
(1 - K) + KF

(28)

Since this expression is greater than zero by definition, it
suggests that the maximum speed setting F= Fmax is optimal
throughout the trajectory.

With the foregoing analysis, the optimal route planning
problem has been reduced to that of solving a set of three
nonlinear first-order differential equations [Eqs. (11), (12) and
(25)] with one unknown boundary condition, x(0). Since x(0)
and y(Q) are known, x(0) must be selected such that the final
values of downrange x and crossrange y are the desired values
x(tf) and y(tf).

A simple one-dimensional search procedure, such as the
method of bisections,16 may be set up to solve this problem. A
computational flowchart employing one such iterative tech-
nique is illustrated in Fig. 2. If a solution for the system of
Eqs. (11), (12), and (25) satisfying the given boundary condi-
tion exists within the given x(0) range, then it can be shown
that the computation scheme given in Fig. 2 will find it in a
finite number of iterations.16 Moreover, since the condition
for existence of optimal controls is the convexity of the ex-
tended velocity set,19 the iterative scheme is guaranteed to find
an extremal if one can show that the extended velocity set is
convex. In the present problem, the extended velocity set may
be found by plotting the variable x against the variable y for
all possible values of the control variables x and V. Note that
the extended velocity set is a strong function of the terrain
profile gradients Fx and Fy.

Euler Solutions
If the initial value of the heading angle x(0) was known,

Euler solutions for the trajectory synthesis problem may be

-INPUT
x(0) ,y(0)

INITIAL GUESS

Xo = ATAN

INTEGRATE DIFFERENTIAL EQUATIONS

FORWARD TILL x(tf) = xf

COMPUTE CROSS-RANGE ERROR
e = yCtf) - yf

YES

NO
OPTIMAL

SOLUTION FOUND

DETERMINE AX BASED ON
FHE METHOD OF BISECTIONS
;USE Xmtt AND xmin TO BOUND
THE SEARCH RANGE)

J

generated by numerically integrating the three first-order non-
linear differential equations (11), (12), and (25). Starting from
the arbitrary initial conditions *(0) and XO), Euler solutions
to various end conditions can be generated simply by changing
the initial value of the heading angle. In the present work,
sample terrain data approximating a part of the Nassau Valley
area in California were used. These data were obtained from
the U.S. Geological Survey.21 The terrain data are stored at
1000 ft intervals and interpolated using cubic spline lattices.22

First and second gradients of the terrain profile required in
subsequent calculations are generated by differentiating the
spline polynomials analytically and substituting for down-
range and crossrange values. Note that any alternate method
for partial derivative estimation can be used. The nonlinear
differential equations are intergrated by using a fixed-step
fifth-order Kutta-Merson technique, and the method of bisec-
tions is used to carry out the one-dimensional search. All
computations were carried out with double-precision arith-
metic.

Figure 3 illustrates time-optimal trajectors to several end-
points obtained by setting K = 0 in the performance index.
The computed trajectories in this figure are denoted with
arrows. The other solid lines superimposed with digits and
dotted lines in Fig. 3 indicate contours of terrain elevations.
The trajectories begin at the point marked O at the center of
the given terrain profile and end at the boundary. These
trajectories are generated by selecting an initial value of the
heading angle x(0) and integrating the three nonlinear differ-
ential equations (11), (12), and (25) forward until they reach
the boundary. The extremals appear to be nearly straight lines
except in regions of large terrain curvature.

A family of Euler solutions with a large weight on the
terrain masking (K = 0.99) is given in Fig. 4. Note that these
trajectories also begin at the point marked O and are obtained
by selecting an initial value of the heading angle and integrat-
ing Eqs. (11), (12) and (25) forward. When compared with
time-optimal trajectories, these trajectories exhibit a more
significant curvature. For a typical set of boundary condi-
tions, Fig. 5 illustrates the difference between time-optimal
and maximum terrain masking trajectories joining a specified
set boundary conditions. The corresponding altitude histories
are given in Fig. 6. Because of the assumption of constant
terrain clearance employed in this numerical study, the corre-
sponding terrain profile is simply the altitude history shifted
downward by a fixed amount. It may be observed from this

ALTITUDE UNIT: FEET
DATUM: MEAN SEA LEVEL
SIDE LENGTH: 20,000 FT

Fig. 2 Flowchart for generating Euler solutions. Fig. 3 Euler solutions for the minimum flight time criterion (K = 0).
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ALTITUDE UNIT: FEET
DATUM: MEAN SEA LEVEL V
SIDE LENGTH: 20,000 FT

Fig. 4 Euler solutions for the maximum terrain masking criterion
(#= 0.99).

'ALTrrUDEUNrr:FEET
DATUM: MEAN SEA LEVEL
SIDE LENGTH: 20,000 FT

Fig. 5 Comparison between minimum time and maximum terrain
masking trajectories. K — 0: minimum time; K - 0.99: maximum ter-
rain masking.

figure that the terrain masking trajectory tends to seek out
lower elevations.

To illustrate the effect of wind on the Euler solutions, a
constant wind field in the downrange direction with a velocity
10% that of the vehicle velocity is used. The corresponding
Euler solutions for the terrain masking criterion (K = 0.99)
are given in Fig. 7. From this figure, it may be seen that the
trajectories in the direction orthogonal to the wind field are
less influenced by the wind than other trajectories.

An interesting feature of the solution family given in Figs. 4
and 7 is that some of the trajectories appear to intersect in
certain regions on the given terrain. The fact implies the
existence of more than one trajectory satisfying the same
boundary conditions. Since these trajectories satisfy first-or-
der necessary conditions, each of them are candidate optimal
solutions. Selection of a particular trajectory out of this set
would require an examination of second-order necessary con-
ditions. Such an analysis will be presented in a subsequent
section.

10

RANGE (X 10**3 FT)

Fig. 6 Altitude profiles along the minimum time and maximum ter-
rain masking trajectories (solid line: terrain masking trajectory; dot-
ted line: minimum flight time trajectory).

ALTITUDE UNIT: FEET
DATUM: MEAN SEA LEVEL
SrDE LENGTH: 20.000 FT

Fig. 7 Effect of a wind field on maximum terrain masking trajecto-
ries (K = 0.99).

Computational Effort
At this point, it is appropriate to examine the computational

effort involved in generating an Euler solution using the
methodology developed in this section. Numerical experi-
ments using a VAX 11/750 computer have shown that an
extremal requiring about 70 intergration steps consumes be-
tween 1.5 and 2.1 s of CPU time. Given the desired initial and
final conditions on downrange and crossrange, several Euler
solutions need to be computed to converge to the one satisfy-
ing the desired boundary conditions. For example, if the ter-
rain gradients Fx and Fy were small such that the crossrange
boundary condition error at the endpoint: e y = y ( t f ) - y f de-
pends in an approximately linear fashion on the initial heading
angle error x(0), the number of iterations and boundary condi-
tion error may be related as16

(29)
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In expression (29), N is the number of iterations, ey\ the
crossrange boundary condition error at the first iteration, and
e^the crossrange boundary condition error after Alterations.
It is important to stress here that this relationship does not
account for the nonlinearities due to the terrain profile. Its
usefulness is limited to generating a first-order estimate on the
number of iterations required to satisfy a specified boundary
condition error tolerance.

For the terrain profile used in the present study, about seven
iterations were found adequate to reduce the boundary condi-
tion error by an error by an order of magnitude. However, it
needs to be stressed that the number of iterations required is
influenced strongly by the terrain profile under consideration.

Second Variation Analysis
A sufficient condition for the extremals obtained in the

foregoing to provide a weak local minimum for the optimal
control problem is that the second variation be strongly posi-
tive.14'23 The second variation will be strongly positive if the
Legendre-Clebsch necessary condition is met in the strength-
ened form and the no-conjugate point test is satisfied. Each of
these conditions will be examined for the present trajectory
planning problem in the following.

Legendre-Clebsch Necessary Condition
In an earlier section, it was shown that the optimal value of

airspeed is V= Fmax. Since this control variable appears lin-
early in the Hamiltonian, the Legendre-Clebsch necessary con-
dition for the present problem reduces to the scalar form

Hxx > 0 (30)

Carrying out the indicated partial differentiation in Eq.
(30), and using the optimality condition Hx — 0 from Eq. (21)
and the costates given by expressions (23) and (24), the second
partial derivative of the Hamiltonian with respect to the head-
ing angle turns out to be

Hxx = (1- (31)

The right-hand side of Eq. (31) is strictly positive by defini-
tion/Consequently, the Ledgendre-Clebsch necessary condi-
tion is satisfied in the strengthened form at every point on the
terrain. Thus, extremals provide a weak local minimum for
sufficiently short intervals.

Another implication of satisfying the Legendre-Clebsch
necessary condition in the strengthened form is that the ex-
tremals emerging from the present formulation are smooth.
This observation justifies the assumption made in deriving the
heading angle rate equation [Eq. (25)]. Furthermore, it may be

0.5 1 1.5 • 2 2.5 3

noted that the smoothness guarantee on the extremals is also
useful from an implementation point of view. In addition, if it
is desired to correct for neglected vehicle dynamics using sin-
gular-perturbation theory, smoothness of the reduced-order
solution is a desirable attribute.

Conjugate Point Test
For extremals of finite length, the task of ensuring that the

second variation is nonnegative for admissible variations leads
to the accessory-minimum problem14'23 in the calculus of vari-
ations. This problem attempts to produce a system of admissi-
ble variations, not identically zero, which offer the most
severe competition in the sense of minimizing the second vari-
ation. If a system of nonzero variations making the second
variation zero can be found, then a neighboring trajectory is
competitive. In this case, the test extremal furnishes at best an
improper minimum and at worst a merely stationary value.
The first value of the independent variable for which such a
nontrivial system of variations can be found defines a conju-
gate point.11'14'23

It has been shown11 that the accessory minimum problem
leads to an analysis of the nature of solutions to the linearized
Euler-Lagrange equations. The conjugate point test may be
constructed using these equations by at least two distinct
routes. The first method is to cast the linearized Euler-La-
grange equations in the standard linear-quadratic format us-
ing the backward sweep method.11 This yields a matrix Riccati
equation. Existence of a bounded solution to this equation
then reveals the existence of conjugate points.11 The second
method for conjugate point testing is based on Theorem 12.3
in Ref. 14. In this approach, a characteristic determinant is
constructed using the solution to the Euler-Lagrange equa-
tions with a special set of initial conditions. The value of this
determinant is then monitored along the nominal trajectory to
reveal the existence of conjugate points.

The second method will be employed in the present work.
For the present trajectory synthesis problem, the solutions
required in the characteristics determinant are constructed by
perturbing the costates \x and Xy one at a time about their
nominal values. These perturbations should satisfy the
transversality condition for free final time. The downrange
and crossrange initial conditions #(0) and^(O) are unchanged.
These solutions may also be generated by perturbing the initial
value of the heading angle in the positive and negative sense
about the nominal value corresponding to an Euler solution
and integrating the Euler-Lagrange equations forward. The
latter procedure is equivalent to perturbing the initial value of
costates \x and \y while enforcing the transversality condition
for the free final time problem.

The resulting solutions are then subtracted from the nomi-
nal to yield the solutions to the linearized. Euler-Lagrange

0.6

0.2 •

-i •
-1.4 •

-1.8 '

-2.2 •

-2.6

-3
0.3 0.6 0.9 1.2 1.5 1.8 2.1 2.4 2.7

TIME (X 10** 1 SEC)

Fig. 8 Value of characteristic determinant along extremal A.
TIME (X 10** 1 SEC)

Fig. 9 Value of characteristic determinant along extremal B.
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equations. Let these solution be &Xi(t)9dy\(t) and dx2(t),dy2(t).
Note that these solutions satisfy 6^(0) = 6>>i(0) = 6x2(0) =
5^2(0) = 0 and must not be identically zero. A characteristic
determinant A(0 is then formed as

(32)

Since the solutions fai(t),dyi(t) and dx2(t),dy2(t) are ob-
tained using different costate initial conditions and are non-
trivial, the determinant in Eq. (32) will not be identically equal
to zero.

Theorem 12.3 of Ref. 14 states that, if the characteristic
determinant in Eq. (32) after being zero at t = 0 subsequently
becomes zero at t = t*, with t* < tf, then the point t* is
conjugate to the point t = 0. The reader is directed to Ref. 14
for a proof of this theorem.

Therefore, the conjugate point testing procedure consists of
monitoring the value of the characteristic determinant along
the nominal trajectory. If the determinant is nonzero over the
desired interval, the nominal trajectory is optimal. Otherwise,
a neighboring trajectory satisfying the desired endpoints of-
fers a competitive alternative. This numerical conjugate point
test is applied next to the minimum-time terrain-masking ex-
tremals given in Fig. 4. In this figure, the extremals A and B
are of particular interest since these are competing extremals
satisfying the boundary condition part (O,F). The characteris-
tic determinant in Eq. (32) evaluated along these extremals is
given in Figs. 8 and 9. From these figures, it is clear that a
conjugate point occurs along extremal B, while none is en-
countered along A. Thus, extremal A affords a strong local
minimum if the desired end conditions were O an F. Con-
versely, the trajectory B provides merely a stationary value.
This fact has been confirmed by computing the performance
index along these trajectories.

In view of the observations made in this section, it would be
interesting to investigate whether similar phenomena are en-
countered while computing trajectories using various heuristic
methods given in the literature.10

Conclusions
A systematic methodology for an optimal trajectory plan-

ning scheme useful for terrain-following flight was presented.
Unlike the techniques given in the literature, the present ap-
proach requires only a one-dimensional search for determin-
ing optimal trajectories. If an optimal solution exists, it can be
shown that this algorithm will find it in a finite number of
iterations. Moreover, in certain situations, the number of
iterations required for convergence can be determined before
starting the computations.

The motivation for present research was the need for au-
tomating the midterm guidance segment of the nap-of-the-
Earth helicopter flight mission for high-performance heli-
copters. The trajectory synthesis problem was addressed using
optimal control theory with a performance index consisting of
a linear combination of flight time and terrain masking. A
kinematic vehicle model was used in the analysis. Using an
adjoint-control transformation, the optimal control problem
solution was reduced to a search for the initial value of the
heading angle. It was shown that the optimal airspeed setting,
the second control variable in the formulation, should be
chosen as the maximum permissible value. A simple computa-
tional scheme based on the method of bisections and a fifth-
order Kutta-Merson numerical integration technique was out-
lined for generating Euler solutions. Families of Euler
solutions for minimum time of flight and maximum terrain
masking were presented and compared.

It was shown that the Legendre-Clebsch necessary condition
is satisfied in the strengthened form everywhere in the admissi-
ble region. Consequently, the trajectories emerging form the
present analysis are smooth, facilitating onboard implementa-
tion. Furthermore, conjugate points where shown to occur in

certain regions of the specified terrain. This test reveals the
existence of alternate trajectories joining the initial and final
points satisfying the stationarity conditions. In the regions
where conjugate points do not occur, the Euler solutions
provide a strong local minimum.
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